Let p > 3 and consider a prime power q = p h . We completely characterize permutation polynomials of F q 2 of the type f a,b (X) = X(1 + aX q(q−1) + bX 2(q−1) ) ∈ F q 2 [X]. In particular, using connections with algebraic curves over finite fields, we show that the already known sufficient conditions are also necessary.
Introduction
Let q = p h be a prime power and denote by F q the finite field with q elements. A polynomial f (x) ∈ F q [X] is called a permutation polynomial (PP) of F q if it induces a permutation of F q .
In this paper we consider polynomials of the form (1.1) f a,b (X) = X(1 + aX q(q−1) + bX 2(q−1) ) ∈ F q 2 [X], where a, b ∈ F * q 2 . This family of polynomials has been investigated by different authors; see for instance [14, 16] . Polynomials of type (1.1) belong to the more general family of PPs of F q 2 of the form F a,b,s 1 ,s 2 (X) = X(1 + aX s 1 (q−1) + bX s 2 (q−1) ) ∈ F q 2 [X], where 1 ≤ s 1 , s 2 ≤ q. Such a family has been investigated in a number of papers, see for instance [1-3, 5, 7, 9, 11, 12, 14, 16] . More in particular, necessary and sufficient conditions on a, b for F a,b,s 1 ,s 2 (X) to be a PP of F q 2 have been determined only in the following cases:
(1) (s 1 , s 2 ) = (1, 2) and p is arbitrary [8] ;
(2) (s 1 , s 2 ) = (−1/2, 1/2) and p = 2 [15] ;
(3) (s 1 , s 2 ) = (q, 2) and p = 2 [1, 10, 16] .
As mentioned above, in this paper we study polynomials f a,b (X) of the type (1.1). Know results are summarized in the following theorem. see [1, 9, 16 ]. 1 (ii) Let p = 3. Then f a,b (X) is PP of F q 2 if and only if
is a square in F * q , see [10, 14] .
) is a square in F * q , see [14] .
The main aim of our paper is to show that for p > 3 Conditions (1.2) and (1. 3) are also necessary.
Main Theorem. Let p > 3 be a prime and q = p h , with h ≥ 1. The polynomial
is a PP of F q 2 if and only if either Condition (1.2) or Condition (1.3) holds.
To prove the main theorem we use a combination of a result contained in [13, 18, 19] (often called AGW criterion) with (standard) techniques connected with algebraic curves [1, 2] ; see in particular Section 2.
We would like to point out that another possible approach to establish whether a polynomial of type f a,b (X) permutes F q 2 is based on the classification of permutation rational functions of degree three on P 1 q = F q ∪ {∞}; see [6] . Such a technique, in principle, can be applied to study permutation properties of polynomials x r h(X q−1 ) ∈ F q 2 [X], using (if any) classifications of rational functions of a fixed degree. Although this method seems promising, it is not straightforward to obtain in this way conditions on a, b ∈ F q 2 for which the polynomial f a,b (X) permutes F q 2 ; see Section 6.
Necessary conditions connected with algebraic curves
It is well known that f a,b (X) is a PP of F q 2 if and only if h a,b (X) := X(1 + aX q + bX 2 ) q−1 permutes the set µ q+1 of the (q + 1)-roots of unity in F q 2 ; see for instance [13, 18, 19] . Let x ∈ µ q+1 be such that bx 3 + x + a = 0. Then x q = 1/x and so
Consider now the function
Recall that the main aim of the present paper is to obtain necessary conditions for f a,b (X) to be PP in F q 2 . If f a,b (X) permutes F q 2 then h a,b (X) permutes µ q+1 and so does g a,b (X) (also, bX 3 + X + a has no roots in µ q+1 ).
In this paper we follow an approach based on the study of algebraic curves associated with f a,b (X). Consider the quartic curve C a,b with the affine equation
This curve is defined over F q 2 . Note that g a,b (X) permutes µ q+1 if and only if there is no
. Let e ∈ F q 2 \ F q such that e q = −e and denote by ψ and φ the transformations
is a PP then C a,b is not absolutely irreducible.
Proof. If C a,b is absolutely irreducible then D a,b is absolutely irreducible too. Since D a,b is defined over F q and it has degree at most 4, by Hasse-Weil Theorem (see [17, Theorem 5.2.3] )), D a,b possesses affine F q -rational points (x 0 , y 0 ) with x 0 = y 0 whenever
where 6 is the maximum number of points of D a,b lying on X = Y or on the line at infinity (in fact, D a,b has only two ideal points). Equation (2.3) is satisfied if q ≥ 47. So there exists an F q -rational point (x 0 , y 0 ), with x 0 = y 0 , of D a,b . Such a point gives rise to a pair
This is a contradiction to f a,b (x) being a PP in F q 2 .
Due to Lemma 2.1, a necessary condition for f a,b (X) to be PP is that, for q ≥ 47, C a,b is reducible. In the next Sections, we distinguish the cases depending on the degree of C a,b , which is connected with the degree of GCD(a q X 3 + X 2 + b q , bX 3 + X + a); see in particular Propositions 3.1 and 4.1 for the cases deg(GCD(
In the case of deg(GCD(a q X 3 + X 2 + b q , bX 3 + X + a)) = 0 we consider all the possibilities for the factors of C a,b ; see Theorems 5.1, 5.3, and 5.4.
To conclude this section, we include here an equivalent description of Conditions (1.2) and (1.3) which will be helpful in the rest of the paper. As a notation, the symbol * q denotes the set of all nonzero squares in F q .
Proof. First, we prove that Condition (2.4) yields Condition (1.2). Indeed, it is readily
Finally, we show that Condition (2.5) yields Condition (1.3). Indeed, b = −a q−1 /3 yields b q+1 = 1/9 and we have
Actually, it is possible to prove that Conditions (1.2) and (1.3) are equivalent to Conditions (2.4) and (2.5): we do not need this implication in our argument.
Since the GCD must have degree two, these two last polynomial must be proportional, that is
Since ab = 0, from the last condition we get
This
and therefore the roots of r 1 are in µ q+1 . This is a contradiction to f a,b permuting F q 2 .
Proof. We already saw in the previous subsection that (GCD(a q X 3
We distinguish two cases.
In particular a q+1 = 1 and its root is a/(a q+1 − 1). Also, bX 2 − a q X − a q+1 + b q+1 = a q (X + a)(a q X − a q+1 + 1). So either a/(a q+1 − 1) = −a or a/(a q+1 − 1) = (a q+1 − 1)/a q . In the former case a = 0, a contradiction. In the latter case a/(a q+1 − 1) ∈ µ q+1 a contradiction to f a,b (x) permuting F q 2 .
So, the last factor must vanish.
Z belongs to µ q+1 . This is clearly not possible since no roots of a q X 3 + X 2 + b q can belong to µ q+1 , otherwise f a,b (x) does not permute F q 2 .
5. CASE deg(GCD(a q X 3 + X 2 + b q , bX 3 + X + a)) = 0
Recall that C a,b and D a,b are F q 2 -isomorphic and therefore they have the same number of components. If f a,b (X) is a PP of F q 2 and q ≥ 47 then D a,b must have no affine F q -rational points off X = Y (see Lemma 2.1). In the following subsections we distinguish two cases depending on the degree of D a,b . 5.1. SUBCASE deg(D a,b ) = 4. In this case the curve D a,b must split either into four lines or two conics, otherwise at least one of its absolutely irreducible components is defined over F q and, by Hasse-Weil Theorem it contains affine F q -rational points off the line X = Y .
Therefore D a,b possesses either two or four absolutely irreducible components. So C a,b splits into either two or four components, that is either four lines or two conics. All these cases are treated in Theorems 5.1, 5.3, and 5.4. Finally, since (X, Y ) → (Y, X) is an automorphism of C a,b , the unique cases to be considered are the following.
• Four lines. In this case
for some A, B ∈ F q ; see Theorem 5.1.
• Two conics switched by
for some A, B, C ∈ F q ; see Theorem 5.4.
for some A, B ∈ F q . Then a q+1 − b q+1 + bAB = 0, a + bA 2 B + bAB 2 = 0, a q + bA + bB = 0,
ab + a 2q A + a q bA 2 = 0.
Also, A = −(a q + bB)/b yields ab + a 2q B + a q bB 2 = 0, so both A and B are roots of a q bT 2 + a 2q T + ab. Now, using System (5.1) and Equation (5.2),
and so N a,b (x) and D a,b (x) share a factor, a contradiction to deg(GCD(a q X 3 + X 2 + b q , bX 3 + X + a)) = 0.
and hence B = 0. Since the two conics X 2 + AX + C and Y 2 + AY + C factorize in the product of two lines, the claim follows.
Both C and D are different from 0 otherwise b = 0. We use now
Combining it with the other conditions in the above system (eliminating A) one gets
Finally, the resultant between these two last equations with respect to
Note that the resultant between N a,b (x) and D a,b (x) with respect to x is precisely h(a, b). This means that if 
As we already saw, a 3q+3 + a q+1 v − v 2 = 0 yields that N a,b (x) and D a,b (x) share a factor. So, a q+1 + 3v = 0, that is b = −a q−1 /3,
In particular, since the discriminant of the polynomial 3a q A 2 − 9a q+1 A + 9a q+2 − a with respect to A is δ = 3a q+1 (4 − 9a q+1 ) and it is a square in F q 2 (it belongs to F q ), A, B, C ∈ F q 2 .
Since f a,b (x) is a P P of F q 2 , the F q 2 -rational conic Q of the type
must not contain a point P = (α, β) ∈ µ 2 q+1 , with α = β.
Suppose now that δ ∈ F q \ * q , that is δ = η 2 , with η ∈ F q 2 \ F * q and η q = −η. Then
By direct checking,
and so β ∈ µ q+1 . Since at most two points (x, x), with x ∈ µ q+1 , belong to Q, whenever q ≥ 3 there exists at least one point (α, β)
If 3a q+1 +2a+2a q −3b q+1 −b−b q +1 = 0 and −2ae+2a q e−2be+2b q e = 0 then G a,b (X, Y ) has degree 3 and it contains an absolutely irreducible components defined over F q . To see this, it is enough to observe that (1, 
has degree less than 4 and it has no absolutely irreducible F q -rational component, then the terms of G a,b (X, Y ) of degree 3 and 4 must vanish, that is
Assume first a = −(b + 1). In this case f a,b (1) = 0 and f a,b is not a permutation, a contradiction. Then b = a q +1/3 and D a,b is the curve with affine equation
Note that if 3a + 3a q + 4 = 0 then deg(GCD(a q X 3 + X 2 + b q , bX 3 + X + a)) > 0, so we can assume now that 3a + 3a q + 4 = 0.
Since f a,b (x) is a PP by hypothesis, then if q ≥ 47 we have that D a,b is reducible. Therefore the discriminant of G ′ a,b (X, Y ) with respect to X is a square in F q [Y ], which yields 3a q+1 + a + a q = 0. Also, −3 cannot be a square in F q otherwise the two linear components of D a,b are F q -rational.
Summing up, we proved that if f a,b is a permutation and deg(D a,b ) < 4, then Finally, we prove that Condition (5.4) implies Condition (1.3). Clearly, b = −a q−1 /3, b q+1 = 1/9, a q = −a/(3a + 1). Therefore,
Condition (1.3) holds.
Appendix
As already mentioned in the Introduction, another approach to establish whether a polynomial of type f a,b (X) permutes F q 2 is based on the classification of permutation rational functions of degree three on P 1 q = F q ∪{∞} contained in [6] . Such a technique, in principle, can be applied to determine if a polynomial x r h(X q−1 ) ∈ F q 2 [X], using (if any) classifications of rational functions of a fixed degree. For instance, in [6] the authors provide a classification of rational functions of degree 3 permuting P 1 q (up to composing on the left and on the right by Möbius transformations). In particular, if p > 3, there are only two classes: either x 3 or Table 1 ].
The whole class of rational functions of degree 3 permuting µ q+1 can be obtained by considering generic bijections from µ q+1 to P 1 q which have been classified by Zieve in [20, Lemma 3.1]. In fact, a generic bijection ℓ(x) : µ q+1 → P 1 q can be written as
for some α ∈ F q 2 \ F q and β ∈ µ q+1 . More in details, a rational functions of degree 3 permuting µ q+1 is of type
for some α, β, γ, δ, A. Let us consider only the first case. After easy computations, one gets (6.1)
where N 0 := −A 2 α q β 3 δ − Aα 3q β 3 δ + Aβ 3 δγ q + 9α 2q β 3 δγ q ; N 1 := A 2 αβ 2 δ + 3Aαβ 2 δα 2q − 18α q+1 β 2 γ q δ + 2A 2 α q β 2 δ − 3Aβ 2 γ q δ − 9α 2q β 2 γ q δ; N 2 := −3Aα q+2 βδ + 9α 2 βγ q δ − 2A 2 αβδ + 18α q+1 βγ q δ − A 2 α q βδ + 3Aβδγ q ; N 3 := Aα 3 δ − 9α 2 γ q δ + A 2 αδ − Aγ q δ; D 0 := Aβ 3 γ + 9α 2q β 3 γ − A 2 α 2 qβ 3 − Aα 3q β 3 D 1 := −18α q+1 β 2 γ + A 2 αβ 2 + 3Aα 2q+1 β 2 − 3Aβ 2 γ − 9α 2q β 2 γ + 2A 2 α q β 2 ; D 2 := 9α 2 βγ − 3Aα q+2 β + 18α q+1 βγ − 2A 2 αβ + 3Aβγ − A 2 α q β;
In general, it is not easy, for fixed a, b ∈ F q 2 , to determine the values A, α, β, γ, δ for which the rational function ℓ −1 γ,δ • ϕ A • ℓ α,β (x) equals h a,b (x) = a q x 3 +x 2 +b q bx 3 +x+a . In fact, solving the system N q 3 = D 0 , N 2 = 1, N 1 = 0, N q 0 = D 3 , , D 2 = 0, D 1 = 1 is not straightforward, since from a case by case analysis and eliminating β, γ, δ one obtains
−18α 5q+1 A 4 + 12α q+1 A + 18α 3q+1 + A 6 α 2q − 6A 5 α 4q + 9A 4 α 6q + A 2 + 3Aα 2q = 0 from which it is not easy to determine A or α.
Also, once determined a = D 0 and b = D 3 in terms of A, α, β, γ, δ, one should still prove that Condition (1.2) or Condition (1.3) holds. This is the reason why, in order to determine the values a, b ∈ F q 2 for which f a,b (X) permutes F q 2 , we used a different approach, based on algebraic curves. 7. Acknowledgments*
